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Abstract: A module M is called H-supplemented if for every submodule A of M there is
a direct summand A′ of M such that A+X =M holds if and only if A′ +X =M for any
submodule X of M . (Equivalently, for each X ≤ M , there exists a direct summand D of
M such that (X +D)/D ≪ M/D and (X +D)/X ≪ M/X .) Direct summands and sums
of H-supplemented modules are studied and a question posed by Mohamed and Mu¨ller in
1990 is answered in the negative.
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1. Introduction
Lifting modules and extending modules, as dual concepts, play important roles in rings
and categories of modules. Lifting modules and their generalizations have been studied
extensively by many authors recently. As a proper generalization of lifting modules, the
notion of H-supplemented modules was introduced in Mohamed and Mu¨ller (1990). Let
M be a module. M is called H-supplemented if for every submodule A there is a direct
summand A′ of M such that A + X = M holds if and only if A′ + X = M for any
submodule X of M . Equivalently, for each X ≤ M , there exists a direct summand D of
M such that (X +D)/D ≪ M/D and (X +D)/X ≪ M/X . It is not known whether the
class of H-supplemented modules is closed under direct summands. M is called completely H-
supplemented if every direct summand ofM is H-supplemented. Direct summands and sums
of H-supplemented modules are studied and a question (Is every H-supplemented module
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amply supplemented?) posed by Mohamed and Mu¨ller in 1990 is answered in the negative
in this paper.
Throughout this paper all rings are associative with unity and all modules will be unital
right R-modules. We use N ≤ M (N ≪ M) to indicate that N is a submodule (a small
submodule) of M . Other terminology and notation can be found in Anderson et al. (1992),
Clark et al. (2006) and Mohamed and Mu¨ller (1990).
2. Main Results
Let M be a module. Recall the following conditions:
(D2): If N is a submodule of M such that M/N is isomorphic to a direct summand of
M , then N is a direct summand of M .
(D3): For every direct summands K,L ofM withM = K+L,K∩L is a direct summand
of M .
Theorem 2.1. Let M be an H-supplemented module. If M has (D3), then M is completely
H-supplemented.
Proof. Let N be a direct summand of M . Then M = N ⊕ N ′, N ′ ≤ M . Let Y be a
submodule of N . Since M is H-supplemented, there exists a submodule X of M and a
direct summand K of M such that X/(Y ⊕N ′)≪ M/(Y ⊕N ′) and X/K ≪ M/K. Then
M = X +N and so M = K +N . Now K ∩N is a direct summand of M as M has (D3).
Hence K ∩N is a direct summand of N . Note that (X ∩N)/(K ∩N) ≪ N/(K ∩N) and
(X ∩N)/Y ≪ N/Y by Ganesan and Vanaja (2002, Lemma 2.6) and Keskin (2000, Lemma
1.1). Thus N is H-supplemented. Therefore, M is completely H-supplemented. 
Example 2.2. Let R be a discrete valuation ring with field of fractions K. Let P be a
unique maximal ideal of R. Then the R-module M = (K/R)⊕ (R/P ) is an H-supplemented
module with (D3). Hence M is completely H-supplemented by Theorem 2.1.
Example 2.3. Let R be a discrete valuation ring with field of fractions K. Assume KR is
not quasi-projective (and hence R is a Dedekind domain). By Keskin (2000, Example 3.7,
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2002, Example 3.8), R-module M = K ⊕ K is a ⊕-supplemented module with (D3), but
not amply supplemented. Note that over Dedekind domains, H-supplemented modules and
⊕-supplemented modules are the same by Mohamed and Mu¨ller (1990, Proposition A.7 and
A.8). Hence M is H-supplemented. Therefore, it is completely H-supplemented by Theorem
2.1.
Remark. 2.4. Example 2.3 shows that there is an H-supplemented module which is not
amply supplemented. Thus we answer an open question (Is every H-supplemented module
amply supplemented?) posed by Mohamed and Mu¨ller (1990, P106).
The following examples show that the condition (D3) in Theorem 2.1 is not necessary.
Example 2.5. It is well known that Z/2Z ⊕ Z/8Z is completely H-supplemented, but not
(D3).
Example 2.6. It is well known that Z/pZ ⊕ Z/p2Z (p is prime) is a lifting module, and
hence it is a completely H-supplemented module. However, it does not satisfy the condition
(D3).
Corollary 2.7. Let M be an H-supplemented module with (D2) or (D3). Then so is every
direct summand of M .
Proof. Clear. 
Recall that a module M is a UC module if every submodule of M has a unique closure
in M .
Corollary 2.8. Let M be an extending UC module. Then M is H-supplemented if and only
if M is completely H-supplemented.
Proof. Let K and L be direct summands of M with K +L =M . Since M is a UC module,
K ∩L is a closed submodule of M . Then K ∩L is a direct summand of M . Now the result
follows by Theorem 2.1. 
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Recall that a module M is called a polyform module if every essential submodule of M
is a rational submodule of M .
Corollary 2.9. Let M be a polyform extending module. Then M is H-supplemented if and
only if M is completely H-supplemented.
Proof. It is well known that a polyform module is a UC module. Now the result follows by
Corollary 2.8. 
Corollary 2.10. Let M be a quasi-injective polyform module. Then for each n ∈ N, Mn is
H-supplemented if and only if Mn is completely H-supplemented.
Proof. LetMn be an H-supplemented module. Since M is quasi-injective polyform module,
Mn is quasi-injective polyform module. Now the result follows by Corollary 2.9. 
Definition 2.11. (See Wu and Wang, Definition 3.1) LetM1 andM2 be modules such that
M =M1⊕M2. We say M1 is M2-sjective if for every A ≤M such that M = A+M2, there
exists K ≤ M such that M = K ⊕M2 and (A + K)/A ≪ M/A. M1 and M2 are called
relatively sjective if M1 is M2-sjective and M2 is M1-sjective.
Clearly, if M1 is M2-projective, then M1 is M2-sjective. The converse need not be true
in general by Example 2.13.
Lemma 2.12. Let M =M1 ⊕M2 be an H-supplemented module with (D3). Then M1 and
M2 are relatively sjective.
Proof. See Wu and Wang (Proposition 3.2). 
Example 2.13. Let R be a discrete valuation ring with field of fractions K. Let P be a
unique maximal ideal of R. Then the R-module M = (K/R)⊕ (R/P ) is an H-supplemented
module with (D3). Hence K/R and R/P are relatively sjective by Lemma 2.12. However,
K/R and R/P are not relatively projective (If K/R and R/P are relatively projective. Since
M is amply supplemented and K/R and R/P are lifting, M is lifting by Keskin (2000,
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Corollary 2.9). But M is not lifting. This is a contradiction.) So this example shows that
Definition 2.11 is a proper generalization of projective modules (Also see Example 2.3).
Lemma 2.14. Let M = M1 ⊕M2 be a weakly supplemented module. If M1 is M2-sjective
(or M2 is M1-sjective) and M1 and M2 are H-supplemented, then M is H-supplemented.
Proof. See Wu and Wang (Theorem 3.4). 
Recall that a module M is called a FI-lifting module, if for any fully invariant submodule
N of M , there exists a direct summand K of M such that K ≤ N and N/K ≪M/K.
Theorem 2.15. Let M be a weakly supplemented module with (D3). Then the following
statements are equivalent.
(i) M is completely H-supplemented.
(ii) M is H-supplemented.
(iii) M = K⊕K ′, where K and K ′ are H-supplemented, Rad(M)/K ≪M/K, Rad(K ′)≪
K ′ and K and K ′ are relatively sjective.
(iv) M = K ⊕K ′, where K and K ′ are H-supplemented, Soc(M)/K ≪M/K, Soc(K ′)≪
K ′ and K and K ′ are relatively sjective.
(v) M = K ⊕K ′, where K and K ′ are H-supplemented, Z(M)/K ≪M/K, Z(K ′)≪ K ′
and K and K ′ are relatively sjective.
Proof. (i)⇔ (ii) By Theorem 2.1.
(ii) ⇒ (iii) Let M be an H-supplemented module. Then it is easy to see that M is FI-
lifting. There exists a direct summand K of M such that Rad(M)/K ≪M/K. Write M =
K ⊕ K ′,K ′ ≤ M . Clearly, Rad(M) =Rad(K)⊕Rad(K ′) and so Rad(K ′) = K ′∩Rad(M).
Hence Rad(K ′)≪ K ′. By Lemma 2.12, K and K ′ are relatively ejective.
(iii)⇒ (ii) By Lemma 2.14.
(ii)⇔ (iv) and (ii)⇔ (v) are similar to (ii)⇔ (iii). 
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Proposition 2.16. Let M =M1⊕M2. If for every submodule N of M1 there exists a direct
summand K of M such that M2 ≤ K, (N +K)/K ≪M/K and (N +K)/N ≪M/N , then
M1 is H-supplemented.
Proof. Let L be a submodule of M1. By hypothesis, there exists a direct summand K of M
such thatM2 ≤ K, (L+K)/K ≪M/K and (L+K)/L≪M/L. Now K = (K∩M1)⊕M2.
HenceK∩M1 is a direct summand ofM1. It is easy to check that (L+(K∩M1))/L≪M1/L
and (L+ (K ∩M1))/(K ∩M1)≪M/(K ∩M1). Therefore, M1 is H-supplemented. 
Theorem 2.17. Let M =M1 ⊕M2, where M1 is a fully invariant submodule of M . If M
is H-supplemented, then M1 and M2 are H-supplemented.
Proof. By Kosan and Keskin (2007, Corollary 2.4), M2 is H-supplemented. Next we show
thatM1 is H-supplemented. LetK be a submodule ofM1. SinceM is H-supplemented, there
exists a direct summand D of M such that (K +D)/K ≪M/K and (K +D)/D ≪M/D.
WriteM = D⊕D′, D′ ≤M . ThenM = K+D′. SinceM1 is a fully invariant submodule of
M , M1 = (M1 ∩D)⊕ (M1 ∩D
′). Hence M =M1+D
′ = (M1 ∩D)⊕D
′. Thus D = D∩M1
and so D ≤ M1. Now (K +D)/K ≪ M1/K and (K +D)/D ≪ M1/D. Therefore, M1 is
H-supplemented. 
Let R be any ring and M be an R-module. The moduleM is called small if M ≪ E(M),
where E(M) is the injective hull ofM . Talebi and Vanaja (2002) defined Z¯(M) = ∩{Kerg|g :
M → N and N is small}. They call M cosingular if Z¯(M) = 0 and noncosingular if
Z¯(M) =M . Let M be a module. Talebi and Vanaja defined Z¯0(M) =M, Z¯1(M) = Z¯(M)
and defined inductively Z¯α(M) for any ordinal α. Thus, if α is not a limit ordinal they set
Z¯α(M) = Z¯(Z¯α−1(M)), while if Z¯α(M) is a limit ordinal they set Z¯α(M) = ∩β<αZ¯
β(M).
This gives the descending sequence M = Z¯0(M) ⊇ Z¯1(M) ⊇ Z¯2(M)... of submodules of M
(see Talebi and Vanaja (2002)). Let M be a module. It is proved that in Talebi and Vanaja
(2002, Theorem 4.1) that M is lifting if and only if M = Z¯2(M)⊕M ′,M ′ ≤ M such that
M ′ and Z¯2(M) are lifting, M ′ is Z¯2(M)-projective and M is amply supplemented. Here we
have the following fact.
ON A QUESTION OF MOHAMED AND MU¨LLER 7
Theorem 2.18. Let M be an amply supplemented module. Then M is H-supplemented if
and only if M = Z¯2(M)⊕M ′, where Z¯2(M) and M ′ are H-supplemented.
Proof. Let M be an H-supplemented module. Note that Z¯2(M) is a fully invariant coclosed
submodule of M . Since M is FI-lifting, M = Z¯2(M) ⊕M ′, where Z¯2(M) and M ′ are H-
supplemented by Theorem 2.17. Conversely, letM be an amply supplemented module. Then
Z¯2(M) is M ′-projective by the proof of Talebi and Vanaja (2002, Theorem 4.1). Therefore,
M is H-supplemented by Lemma 2.14. 
It is well known that a direct sum of H-supplemented modules need not be H-supplemented.
Here we will study an infinite direct sum of H-supplemented modules. LetM be anR-module
such that M = ⊕i∈IMi is the direct sum of H-supplemented modules Mi(i ∈ I), for some
given index set I. Now we consider when M itself is an H-supplemented module. Let
M = ⊕i∈IMi. For each i ∈ I, M−i will denote ⊕j∈I\{i}Mj . For any set I, |I| will denote
its cardinality.
Theorem 2.19. Let M = ⊕i∈IMi be the direct sum of modules Mi(i ∈ I), for some index
set I with |I| ≥ 2. If M is a weakly supplemented module with (D3), then the following
statements are equivalent.
(i) M is H-supplemented.
(ii) There exists i ∈ I such that for every submodule K of M with M = K + Mi or
M = K +M−i there exists a direct summand N of M such that (K +N)/K ≪M/K
and (K +N)/N ≪M/N .
(iii) There exists i ∈ I such that for every submodule K of M with (K +Mi)/K ≪ M/K
or (K +M−i)/K ≪M/K or M = K +Mi = K +M−i there exists a direct summand
N of M such that (K +N)/K ≪M/K and (K +N)/N ≪M/N .
Proof. (i)⇒ (ii) is clear.
(ii) ⇒ (i) Let N ≤ M . If M = N +Mi, then there is nothing to prove. Now assume
that M 6= N +Mi. Consider the submodule (N +Mi)/N of M/N . Since M is weakly
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supplemented, there exists a submodule K/N ofM/N such that (N+Mi)/N+K/N =M/N
and ((N +Mi) ∩K)/N ≪ M/N . Then M = K +Mi. By hypothesis, there exists a direct
summand L of M such that (K + L)/K ≪M/K. Clearly, M = (N +Mi) +M−i. By (ii),
there exists a submodule X1 ofM and a direct summand D1 ofM such that X1/(N+Mi)≪
M/(N+Mi) andX1/D1 ≪M/D1. Obviously,M = (K+L)+Mi. There exists a submodule
X2 ofM and a direct summand D2 ofM such that X2/(K+L)≪M/(K+L) and X2/D2 ≪
M/D2. Then X2/K ≪ M/K and so (X1 ∩ X2)/((N +Mi) ∩ K) ≪ M/((N +Mi) ∩ K).
Therefore (X1 ∩ X2)/N ≪ M/N . Note that M = X1 +X2. Hence M = D1 + D2. Thus
(X1 ∩X2)/(D1 ∩D2)≪M/(D1 ∩D2). Since M has (D3), D1 ∩D2 is a direct summand of
M . Therefore, M is H-supplemented.
(ii)⇒ (iii) is obvious.
(iii)⇒ (ii) Let N ≤ M with M = N +Mi, the case M = N +M−i being analogous. If
M = N +M−i, then there is nothing to prove. Now assume that M 6= N +M−i. Consider
the submodule (N + M−i)/N of M/N . Since M is weakly supplemented, there exists a
submoduleK/N ofM/N such that (N+M−i)/N+K/N =M/N and ((N+M−i)∩K)/N ≪
M/N . ThenM = K+Mi = K+M−i. By hypothesis, there exists a direct summand L ofM
such that (K +L)/K ≪M/K. Clearly, ((N +M−i) +M−i)/(N +M−i)≪M/(N +M−i).
By (iii), there exists a submodule X1 of M and a direct summand D1 of M such that
X1/(N +M−i) ≪ M/(N +M−i) and X1/D1 ≪ M/D1. Obviously, M = (K + L) +Mi =
(K + L) +M−i. There exists a submodule X2 of M and a direct summand D2 of M such
that X2/(K + L)≪M/(K + L) and X2/D2 ≪M/D2. Then (X1 ∩X2)/N ≪M/N . Note
thatM = D1+D2. Thus (X1∩X2)/(D1∩D2)≪M/(D1∩D2). SinceM has (D3), D1∩D2
is a direct summand of M . Now the proof is completed. 
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